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Abstract 
Oprea, J., and J. Pak, Principal bundles over tori and maps which induce the identity on 
homotopy, Topology and its Applications 52 (1993) 11-22. 
The rank of the image of the Gottlieb group under the Hurewicz map is called the h-rank of a 
space. We give an upper bound on the h-rank of principal bundles over tori; in particular, we use 
this bound to show that certain families of these bundles consist of nonsimply connected simple 
manifolds with trivial Gottlieb group (thus answering a question of Gottlieb in the negative). We 
then show that this implies the existence, for each of the examples, of self-homeomorphisms 
which induce the identity on homotopy groups, but which are not based isotopic to the identity 
map. 
Keywords: Gottlieb groups; Jiang spaces; Principal bundles over tori; Evaluation fibrations. 
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1. Introduction 
The question of whether any nonsimply connected simple space must be a Jiang 
space goes back to Gottlieb [4] (in a slightly different form). Ganea [3] produced an 
infinite dimensional counterexample almost immediately, but it is only recently 
that a finite counterexample has been found [131. In this paper, we show how to 
obtain infinite families of such examples. The homotopy exact sequences associ- 
ated to evaluation maps then entail various results including the existence of 
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self-homeomorphisms of manifolds which induce the identity on homotopy groups, 
but which are not based isotopic to the identity map. While such creatures are not 
unexpected in principle, they do not appear easy to construct by hand. Indeed, by 
[16, Corollary 61, for aspherical manifolds with trivial Gottlieb groups, the repre- 
sentation 
(FI:rO(H(X, x), id) - Aut rl(X, x) 
is faithful (where H(X, x) denotes the group of basepoint preserving self-homeo- 
morphisms of X). Since our examples are, in a precise sense, just one step away 
from being aspherical manifolds, a generalization of this result seems unlikely. 
The key to constructing our examples is the application of a result (Theorem 1 
below) of [5] and (independently) 1131. Recall that the Got&b group G(X) may be 
defined as the r,-image of the evaluation map Xx --)X, 
G(X) = Image{ev, : r,( Xx, id) - r,(X, x1}, 
where (as indicated) we take the basepoint of Xx to be the identity map. 
A space X is called a Jiang space if G(X) = r,(X, x). Hence, Gottlieb’s 
question is: must a simple space have G(X) = 7,(X, x)? The examples we 
construct in Sections 2 and 3 are simple spaces with G(X) = 0, but 7,(X, x) # 0. 
Of course, by taking products of our examples with circles and using property (2) 
of G(X) below, we obtain examples of simple spaces with G(X) being a proper 
subgroup. Also, note that our examples have free Abelian fundamental groups. 
The following question seems more delicate (although the ideas of Section 2 may 
have some application). 
Question. Can a simple space with finite fundamental group have a nonzero 
proper Gottlieb subgroup? 
For the simplest case of finite Abelian groups acting on spheres, the answer is 
no (see [14,15]). Recall the following facts about G(X) [4]: 
(1) G(X) c Zr,(X). 
(2) G(Xx Y) = G(X) x G(Y). 
(3) G(X) is a subgroup of the group consisting of all LY E rl(X) which act 
trivially on all r,(X) via the usual action of the fundamental group on higher 
homotopy [19]. Note that this statement generalizes (1) since rl(X) acts on itself 
via conjugation. 
(4) If X = K(T, 11, then G(X) = Zr,(X). (Exercise!) 
(5) Gottlieb’s theorem. If X is a compact K(T, 1) and x(X) Z 0, then Zr = 0. 
(6) G(X) is the subgroup of r,(X) consisting of elements which, thought of as 
covering transformations of the universal cover 2, are r,(X)-equivariantly homo- 
topic to id*. 
Consider the image of G(X) under the Hurewicz homomorphism h : r,(X) + 
H,(X ; P?) (where we assume H,(X ; Z) is finitely generated). Then hG(X) is a 
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finitely generated Abelian group and thus has a well-defined rank. Define this 
rank to be the h-rank ofX. Compare this notion with the Hurewicz rank defined in 
[5]. In particular, note that h-rank is greater than or equal to Hurewicz rank 
(which, itself, is the toral rank) and, over Q, they are identical. We then have 
M31. 
Theorem 1. Let X be a space with H,(X ; Z> finitely generated. If the h-rank of X is 
s, then there is a finite Abelian cover X of X with X = Z x T”, where TS is an s-torus. 
2. Principal bundles and h-rank 
Recall that the Q-localizations of a compact l-connected Lie group G and its 
classifying space BG have the following homotopical decompositions: 
(1) Go = nK(Q, ni> with ni odd and IZ~ > 3. 
(2) BG, = nK(Q, n, + 1). 
Also, recall that a space X is simple if n-,(X, x> acts trivially (via the standard 
action [19]) on ~TJX, x> for all n. 
As we have already noted, we are interested in looking at manifolds which are 
very close to being aspherical. Of course, no true 2-stage Postnikov system will be a 
manifold, but we may still use the “principal fibration” notion to construct 
manifolds which are close to being aspherical. Let rr be a discrete group and G be 
a l-connected compact Lie group. Say that a manifold X is a (r, G)-manifold if it 
may be constructed as a principal G-bundle over a K(r, l)-manifold. Note that we 
require only one principal “fibration” to construct X from a K(rr, 1) and that, by 
replacing the usual Eilenberg-MacLane space in the Postnikov tower by G, X 
inherits a manifold structure (see 117, pp. 103-1041 for the finite manifold 
approximation to the classifying space BG). It is in this sense that X is close to being 
an aspherical manifold. 
Furthermore, in the notation above, the splitting BG, = nK(Q, ni + 1) implies 
that the rational structure of such a bundle is completely determined by character- 
istic cohomology classes c”- ’ E H”l+‘(K(7r, 1) ; T,,+ 1 BG @ Q), ni & 3 correspond- 
ing to the rational splitting of the classifying map via [ K(n-, l), BG,] z n[ K(r, l), 
K(Q, nj + l>l z rIH ncf1(K(7r, 1); 0). From now on we shall restrict to the case 
r = @T,’ Z. That is, G will always denote a l-connected compact Lie group and 
the base of the principal bundle will be a torus Tk+‘. 
Lemma A. If X is a ( ~$2,’ Z, G )-manifold, then X is a simple space. 
Proof. Consider the principal bundle G +X -+ Tki’. The long exact homotopy 
sequence implies that n-,(X) = rl(Tk+’ > and rr,JX) = n-,jG) for n > 1. Further- 
more, the action of 7,(X> on r,JX) is via these isomorphisms and the standard 
action of the fundamental group of the base of a fibration on the homotopy groups 
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of the fibre (when the fibre is a simple space). Now, any principal bundle is pulled 
back via a classifying map from the universal bundle G + EG * BG and the action 
of rrr on the fibre is natural under pullback. Therefore, since BG is l-connected, 
r,(X) g r,(Tk+‘) acts trivially on r,JX) = r,JG) for n 2 1. •! 
For the statement and proof of Theorem 3 below, we require several observa- 
tions concerning Postnikov towers. Although the first result follows rather easily 
from naturality and uniqueness of towers (see 1121 for example), for completeness 
(and because we know of no specific reference), we outline a proof. Let {r,JX), 
X n-r, kg-‘, 6 } and {r,JY), Y,_ r, k;-‘, a,‘_ 1} denote Postnikov systems for X 
and Y respectively, where k$-’ E H”“(X,_ 1 ; r,JX)> is the IZ - 1 k-invariant, 
a,“__ 1 : X + X, _ 1 is the approximating map and similarly for Y. 
Lemma B. The Postnikov system for XX Y, {TJX X Y), (XX Y>,_ 1, k&b, CY,“-“,‘} 
has the form 
(1) 7rJX x Y> = 7rJX) x ?TJY). 
(2) (XX Y),_, =x,_, x Y,_,. 
(3) k!&; = k;-’ + k;-? 
(4) a,X_X,Y = a,“_ 1 x a,‘- 1 
Proof. All the properties are obvious except for (3). Note that, in (3), we are 
identifying k$- ’ and k;- ’ with their images under the induced maps of the 
respective projections 
p,:XXY - x, p,:XXY -Y. 
The fact that the respective inclusions of factors in the product provide right 
inverses for the projections shows that the induced maps on cohomology p$, p;i: 
(with any coefficients) are injective. Furthermore, we have, via the projections, 
H”+‘(XxY;rJX) @rJY)) 
z H”+l (XxY;n-,JX))CBH”+‘(XXY;~,(Y)). 
By [12, p. 1351, the projections onto the summands satisfy (p,),k~,:=p,$k~-’ = 
kg-;-’ (since p$ injective) and (p,),k’&\=p~k~-’ = k;-’ (since PC injective) 
and hence, (3) follows. 0 
Now we shall focus on the rational Postnikov structure of (@J”,’ Z, G)-mani- 
folds and its relation to the classifying map T&+’ + BG, (and its rational charac- 
teristic classes). Consider the fibration 
X - Tk+’ & BG 
and note that (1) rr,,(X) = r,, + ,(BG) for n 2 2 since Tk + ’ is an Eilenberg-Mac- 
Lane space and (2) n-,,TT,(T k+l X) = r (BG, , n *) for all n by standard fibration 
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theory. Here, we have written (T k+’ A’> to mean the standard mapping cylinder , 
construction pair. Let I/= f$+, =T,~+,BG@Q and c=cI’~‘EH”+‘(T~+‘;V) 
and consider the commutative triangle 
k+l, *) 
F\ 
(Tk+‘, X) - (BG, *). 
The horizontal map induces the homotopy isomorphisms of (2) above, so the 
following commutative diagram 
r,,+Ck+‘7 X) = r,,+‘(BG) 
Hn+ '(T kf’, X;Q) - H,,+,(BG;Q). 
(together with the well-known injectivity of the rational Hurewicz map r,, + I BG, 
- H,,, ,(BG ; Cl)> implies that 
Lemma C. n-,, + ‘(Tk+ ‘, X) ~3 Q + H,+JTk+‘, X;Qs) is injectiz,e and its dual 
Hom(K+U k+‘, X;Q), V) + Hom(rr,,+,(Tk+‘, X) ~3 Q, V) 
is, therefore, surjectirte. 
Now note that the class c is pulled back from H,, + I( BG ; V) via the composition 
Tk+’ 
- BG LI 2% K(V, n+ 1). 
The commutative triangle above then shows that 
Lemma D. c is in the image of Hnt’(TX+‘, X; L’) 4 H”+‘(Tk+’ ; V>. 
Now consider a Postnikov tower for X,, IT,,(X), X,1-l, ki-‘, a!:-‘) (where we 
suppress Q-coefficients) and note that Xl = Tk+‘. The sequence of fibrations from 
X n-I to T k+l (denoted 9) then provide a commutative diagram 
X-X II ~ 1 - (x,1-,, x> 
X + y-k+’ - CT”+‘, X). 
This diagram and the lemmas above then imply 
Proposition 2. The k-inz-ariant ki-’ and the characteristic class c are related by 
4*c = k;;-‘. 
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Proof. We have a commutative diagram (where we again suppress Q-coefficients 
and write V’ = r,, + 1 BG z T~+,(T“+‘, XI z TJX) = T,,+~<X,_,, X)) 
Hom(V, V) t Hom(H,,+,(Tkf’, X), V) L ff”+‘(TkC’, X;V) - ff”+‘(Tk+‘;V) 
= _ 
I I I 
4* 
Hom(V, V) z Hom(H,+,(X,_,, X), V) * H”+‘(Xn_I, X;V) - IY”+‘(X,_~;V). 
Starting with the identity homomorphism in the upper left and proceeding along 
the top row (by Lemma C) produces c, while proceeding along the bottom row 
gives kg- ’ (by standard Postnikov theory). Hence, 4 *c = k:- ‘. q 
Definition. If x is a ( @‘Ti’ Z, G)-manifold with q*cnP1 # 0, but q*c”-l = 0 for all 
m > 12, then we say that X is a (@$:i’ Z, G, n - 1)manifold. This is equivalent, by 
Proposition 2, to saying k?- ’ is the last nonvanishing rational k-invariant for X. 
Theorem 3. The h-rank of a ($2,’ Z, G, n - l)-manifold X is bounded above by 
k-n. 
Proof. Suppose s = h-rank(X) > k - n. By Theorem 1, there exists a finite Abelian 
cover X which splits as X = Y x T”. Now, by Lemma A, X is a simple space (and 
so, therefore is 8) and we may rationalize. Under rationalization, Xo = Xo, so we 
obtain Xo = Yo X TG. 
Consider the last nontrivial k-invariant k2-l E H”fl(X,_l ; VI. By Lemma 
B(3), there must be a corresponding nontrivial k-invariant for Yo, kp-‘, which 
pulls back from k;- ’ via 
X 
iy 
n-1 -Y n-1 
iv 
Tk+’ - y-k+‘-s 
Here, by fundamental group considerations, the first stage of the Postnikov tower 
for Y is Tk+lPs and the inclusion i,: YQ -+ YQ X T6s$ -X, satisfies py 0 i,= id, 
and hence i:k$-’ = icpGky n- ’ = kt- ’ (where we have used the vanishing of 
k-inbariant$ for T& to obtain k;-l =pGk;-‘1. But then, Hn+l(Tk+lPs ;v>=o 
since k+l-s<n+l,so 
k;-’ = iGk_‘-’ = icq*c = qy*iGc = 0. 
This contradicts the nontriviality of k:-’ and we are done. q 
Corollary 4. If X k a (~$2~’ 27, G, k - l)-manifold, then G(X) = 0. Hence, X is a 
counterexample to Gottlieb’s question. 
Proof. G(X) is free Abelian, so it is determined by its rank, h-rank(X). Theorem 
3, however, implies h-rank (X) = 0. q 
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Example 5. ( @fLi’ Z, G, k - l)-manifolds may be constructed explicitly in the 
following way. Choose a dimension k so that r,(G) = Q # 0. Then, as well, 
rr,+,(BG)@ Q # 0, so there is a Z-summand in rrk+i(BG). Let m:Sk+’ -+ BG 
represent a generator and let A : Tk+’ + Sk+’ be a degree-l map, where Tk+’ is 
the k + l-torus. Call the composition K =w 0 A:Tk+’ + BG and note that K is 
rationally nontrivial. This can be seen by using the rational decomposition of BG 
described above together with the definition of K to obtain a Q-composition 
K_o 
Tkfl 
Q - K(Q, k + 1) 9 nK(Q, ni + 1) = BG, 
where the first map is nontrivial because it represents the Q-fundamental class of 
Tk+’ and the second is the nontrivial inclusion of a factor in a product. The 69 
composition is clearly cohomologically nontrivial. Now take the principal bundle 
induced by K 
G-X- Tk+’ 
and note that the rational nontriviality of K implies that Xo is not a product. That 
is, X has a nonzero k-invariant. By the definition of K and Proposition 2, there is, 
in fact, only one nonzero characteristic class ck-’ which then must map nontriv- 
ially to the only k-invariant. Thus, X is a (@1!211 h, G, k - l)-manifold. 
Remarks on Example 5. (1) Rather than assume that the reader is familiar with the 
machinery of Sullivan minimal models, we have chosen to give the elementary 
homotopical description above. In Section 5 we will, however, use minimal models 
to study a subgroup of the group of self-equivalences, so we note here that the 
model for X has the form (when x,(G) @ Q = Q), 
(n(x,,...,x,+,, y, V), d, 
where, I xi I = 1, I y I = k, I/’ = ri(G) @ Q, for i # k (Vk = 0) and d = 0 except for 
dy = LI,“,+/x,. The description of the differential then shows that A cannot split off 
a l-dimensional generator, so Xo cannot split off a Q-circle. See [6] or [lS], for 
example, for details of minimal model theory. 
(2) If we remove the requirement that X be a (r, G)-manifold, then Tk+’ may 
be replaced, for example, by S’ x Mk for any l-connected k-dimensional M. Of 
course the map S’ x M + Sk+’ still classifies the fundamental class. 
(3) The original counterexample to Gottlieb’s question is the (@$= 1Z, S3, 2)- 
manifold as constructed above (see [131). Also, the first example of the type of 
self-map considered in Section 4 was constructed by the second author using this 
manifold. 
3. Cooke’s example 
In fact, more exotic counterexamples to Gottlieb’s question may be constructed 
by taking an approach first used by Cooke [2] to answer a question of John Moore: 
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does there exist a simple space whose fundamental group acts nontrivially (as 
covering transformations) on the homology of the universal cover? This approach 
has a much more homotopical flavor than the principal bundle technique, so we 
only give an outline and hope that the reader will be thus enticed to sample 
Cooke’s beautiful paper himself. 
Let a map h be defined on the space Y = (S” X Sn) V S2” in the following 
manner: 
\ h I Zn_cell wraps with nontrivial degree around S’“. 
As Cooke shows, h induces the identity on homotopy groups, but not on homology 
groups. Indeed, for the obvious homology basis in degree 2n, h .(O, 1) = (0, 1) and 
h .(l, 0) = (1, 1) (for a wrapping of degree 1). Therefore, hZ,” # id, * for all II. We 
have thus defined a homotopy action of L on Y. The main point of Cooke’s work 
was to describe conditions under which homotopy actions could be replaced by 
topological actions having the same homotopical effects. For a homotopy action of 
Z the conditions are simple-any such homotopy action may be replaced by a 
homotopically equivalent topological action. The construction is easy: Let M 
denote the infinite mapping cylinder of h, 
YXIXZ 
M= I( Y, 1, n) - (h(y), 0, n + 1)) ’ 
The inclusion Y v M is a homotopy equivalence and the shift map T: M + M, 
T( y, t, n) = ( y, t, n - 11, provides a free, properly discontinuous action of Z on M 
which has the same effects on homotopy and homology as h. 
Denote the quotient M/L = N and the universal covering p : M + N. 
Theorem 6. N has the homotopy type of a finite complex and is a counterexample to 
Gottlieb’s question. 
Proof. N is a simple space because its fundamental group L acts on higher 
homotopy via h. Also, no element of the fundamental group (thought of as a 
covering transformation) is homotopic to the identity on M since the map induced 
on H, CM) is h * . By property (5) in our earlier description of the Gottlieb group, 
G(N) = 0. Therefore, if we can show that N is a finite complex, we will be done. 
This is true, in fact, for quite general reasons (see [lO,lll), but the argument is 
direct. Take the fibration 
P 
M-N-S’ 
and apply Lal’s theorem [71 to compute the (unreduced) Wall finiteness obstruc- 
tion: w(N) =p*(w(M)).~(S’j = 0. H ence, N has the homotopy type of a finite 
complex. 0 
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Problem. Find other examples of maps which induce the identity on homotopy 
groups, but not on homology groups. In the fashion above, these maps will provide 
counterexamples to Moore’s question as well as Gottlieb’s question. 
4. Maps which induce the identity on homotopy 
Now we show that the ( cD~!~~’ H, G, k - l)-manifolds of Section 2 have interest- 
ing self-maps; namely self-maps which are basepoint preserving homeomorphisms 
inducing the identity homomorphism on 7~ * (X), but which are not bused isotopic 
(i.e. homotopic through basepoint preserving homeomorphisms) to the identity map. 
Indeed, since we associate such a map to any element of the fundamental group, a 
profusion of examples results. We point out that such notions of equivalence of 
maps find their natural home in fixed point theory; in particular, where the Jiang 
condition is concerned (see [161). 
Let H(X) and H(X, x) denote the spaces of self-homeomorphisms and base- 
point preserving self-homeomorphisms of X respectively. Let aut(X) and aut(X, x) 
denote the spaces of self-homotopy equivalences and basepoint preserving self- 
equivalences respectively. There is a diagram of evaluation fibrations 
H(X, x) - H(x) - x 
aut(X, x> - aut(X> + X 
which induces a mapping of long exact homotopy sequences, 
... -T~(H(x), id)-n-,(X, xl+ r,JH(X, xl, id)-ro(H(X),id)40 
(*) 
.. - r,(aut(X), id)+ r,(X, x)-23X, x)-g(X)- 0, 
where we use the notation for the discrete groups of self-homotopy equivalences, 
8(x, X) = r,(aut(X, x), id) and Z?(X) = r,(aut(X), id). There is a representa- 
tion *’ : Z3X, x1 + Aut Z- * (X, x) given by taking induced maps on homotopy. BY 
precomposing with rO(H(X, x1, id) + 8(X, x), we obtain a representation 
rCr:rO(H(X, x>, id) - Aut r,(X, x) 
which is analogous to that of the introduction. (See [ll for a discussion of this 
representation in the context of aspherical manifolds.) By [9l, the composition of 1cI 
and the connecting map of (* ), a: rl(X, x) + rO(H( X, x1, id) is precisely the 
automorphism of homotopy given by the standard action of the fundamental 
group. We obtain 
20 J. Oprea, J. Pak 
Lemma E. Zf X is a simpZe space, then Image(a: r,(X, x) + r,(H(X, x), id)) L 
Ker 4. 
Therefore, to obtain homeomorphisms inducing the identity on homotopy 
groups, it is sufficient to show that the connecting map image above is nontrivial. 
We say that a group L has rank L > m if L contains a free Abelian subgroup of 
rank m. 
Theorem 7. A ( c$=+~’ Z, G, n - l)-manifold X has basepointed self-homeomorphisms 
which induce the identity on homotopy, but which are not based isotopic to the 
identity map. Indeed, rank(Ker 1,4) 2 n + 1. 
Proof. By Theorem 3, h-rank(X) Q k -n. Because r&X, x) = @~i’H, we see 
from the definition of G(X) that rank(Ker a> Q k - n and, hence, rank(Image ?J>  
n+l. 0 
Corollary 8. A (cT$~~’ Z, G, k - l)-manifold X has G(X) = 0, but rank(Ker IJ> 2 
k+ 1. 
Remarks. (1) Corollary 8 makes clear that the faithfulness result of the introduc- 
tion cannot be generalized to even the simplest nonaspherical manifolds. 
(2) Note that the exact sequence analysis above hinges on the definition of the 
Gottlieb group, the fact that the spaces involved are simple and the bound on 
h-rank given by Theorem 3. If either of the last two ingredients is missing, it is 
unclear how to proceed to obtain homeomorphisms of the required type. 
5. Calculating 29+(X, x1 
It has been an important problem in recent years to calculate certain subgroups 
of Z?X, x) for various classes of spaces. Maruyama [S] has shown that g++(X, x), 
the subgroup of classes of equivalences inducing the identity on homotopy (up 
through the dimension), localizes properly and that it may be calculated mod 
torsion for rational H-spaces which satisfy a rather stringent technical require- 
ment. Of course, (@$L,’ Z, G)-manifolds are not rational H-spaces, so Maruyama’s 
results do not apply here. Nevertheless, in this brief section we shall indicate how 
to calculate EJX, x) mod torsion for the spaces included in Example 5; namely 
(@$:i’ Z, G, k - l&manifolds with characteristic lass the fundamental class of the 
torus. 
In fact, although similar (and more complicated statements) may be made about 
all such manifolds, to avoid lengthy analysis of minimal models, we shall confine 
ourselves to the case of the (6$= 1 Z, S”, 2)-manifold X of Remark (3) following 
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Example 5. As in Remark (1) following Example 5, the minimal model for X is 
given by 
(A =A(x,, x2, x3, x4, Y), d), Ix, I = 1, I Y I = 3, 
dxi=o, i=l,..., 4, dy =x1x2x3x4. 
For general facts about minimal models see [6] for example. Suffice it to say that 
the minimal model is a differential graded algebra (DGA) which, as an algebra is 
freely generated (i.e., polynomial Q exterior) and computes the rational homotopy 
type of a simple (or, more generally, nilpotent) space. In particular, the cohomol- 
ogy of the DGA is the cohomology of the space, the algebra generators form a 
basis for the rational homotopy groups of the space and the differential d on 
generators corresponds to the rational k-invariants of the space. Furthermore, 
Sullivan [18] showed that 29(X,, x) could be computed as the DGA-automor- 
phisms of the minimal model modulo a DGA-homotopy relation. For the model A 
above, denote Z?JXo, x) = Aut,A. We then have, 
Proposition 9. Aut, A E Q4. 
Proof. An automorphism is determined by its effect on generators and must induce 
an automorphism of homotopy groups (which may be identified with indecompos- 
ables A/A’. A’). Conversely, a DGA-morphism which induces homotopy auto- 
morphisms must be an automorphism. Hence, any vector space automorphism T 
of A’ = (x,, x2, x3, x4) extends to an automorphism T of A via y + det T.y. 
This definition of the extension follows from the requirement of commutation with 
d. Now, in order for T to induce the identity on homotopy, it must be the case that 
T fixes all four l-dimensional generators. 
Independently, a morphism of A3 may be defined by y +A .y + Ccijkx,xjxk 
where the sum ranges over all four products of three l-dimensional generators and 
A and cijk are coefficients. This gives an automorphism of A when A = 1 (needed 
to satisfy commutation with d) and the l-dimensional generators are fixed. Note 
that no restriction is placed on the cijk. Therefore, there are Q4 such automor- 
phisms. (Note that these automorphisms are not homotopic to the identity since 
they induce nontrivial maps on cohomology. Thus, we do not have to worry about 
quotienting by the DGA-homotopy relation.) 0 
Theorem 10. 27Jx, x>/ torsion = @$=i Z = Z4. 
Proof. Since G(X) = 0 and X is simple, we have an inclusion Z4 + Z?JX, x> (see 
diagram ( *I>. By Maruyama [S], we may localize this inclusion to obtain 
Z4 - 8#(X, x> 
I I 
Q4 - Z&X, X)Q ZkY#( x,, x) = Q4. 
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The bottom map is an inclusion since the top is and the localization map on the 
right only kills torsion (and so is injective on the image of Z4). By simple vector 
space theory, the bottom map is, in fact, an isomorphism. At any rate, we have a 
sequence of injections 
.Z4 - Z++( X, x)/torsion - Q 4 , 
where the first map is induced by the top inclusion of the diagram and the second 
map is induced by the localization map on the right. Since Q4 is Abelian, so is 
&Y#(X, x)/torsion; since X is of finite type, ZJX, x)/torsion is finitely gener- 
ated. Hence, ZY++(X, x)/torsion is free Abelian and localizes to Q4 and the result 
follows. q 
Compare [8, Theorem 0.21 where it is shown that certain rational H-spaces have 
Z#/torsion free Abelian. Furthermore, note that a rational H-space has a minimal 
model with zero differential (by Hopf s theorem on the structure of Q-cohomology), 
while the (@or’ Z, G, k - l)-manifolds of Example 5 have models with a single 
nonvanishing differential. 
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